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RICCI FLOW ON MODIFIED RIEMANN EXTENSIONS 

H. G. NAGARAJA AND HARISH D. 


Abstract. We study the properties of Modified Riemann exten¬ 
sions evolving under Ricci flow. We obtain the necessary and suf¬ 
ficient condition for modified Riemann extension under Ricci flow 
to stay as modified Riemann extension. We also discuss the prop¬ 
erties of the curvature tensors under Ricci flow. 


1. INTRODUCTION 

Ricci flow and the evolution equations of the Riemannian curvature 
tensor were initially introduced by Richard Hamilton |1] and was later 
studied to a large extent by Perelman [T^ . [15] .. Cao, ZhufH], John 
Morgan, Gang Tian[T5] and others. Indeed, the theory of Ricci flow 
has been used to prove the geometrization and Poincare coniecturesfTT]. 
However not much work has been done on Ricci flows on Modihed Rie¬ 
mann extensions. The Ricci flow equation is the evolution equation 

—^ = —2Rii where qu and Ru are the metric and Ricci tensor com- 
ot 

ponents respectively. As flow progresses the metric changes and hence 
the properties related to it. 

Patterson and Walker [5] have defined Riemann extensions and showed 
how a Riemannian structure can be given to the 2n dimensional tan¬ 
gent bundle of an n— dimensional manifold with given non-Riemannian 
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structure. Riemann extension is an embedding of a manifold M in a 
manifold M', the embedding being carried out in such a way that the 
geodesic equations are preserved up to the base space. The Riemann 
extension of Riemannian or non-Riemannian spaces can be constructed 
with the help of the Christoffel coefficients T*^ of corresponding Rie¬ 
mann space or with connection coefficients 11®^ in the case of the space 
of affine connection [9]. The theory of Riemann extensions has been ex¬ 
tensively studied by Ahh|llj. Though the Riemann extensions is rich 
in geometry, here in our discussions, the modihed Riemann extensions 
£t naturally in to the frame work. Modified Riemann extensions were 
introduced in [1] and [2] and their properties we list briefly in the next 
section. 

Here in this paper we discuss some interesting properties satished 
by curvature tensors under the influence of Ricci flow on modihed Rie¬ 
mann extensions. We give a brief introduction to modified Riemann 
Extensions [2] in section 2. In Section 3 we find the rate of change of 
concircular, conharmonic and conformal curvature tensors under Ricci 
how. Ricci how on modihed Riemann extensions are discussed in Sec¬ 
tion 4. 


2. PRELIMINARIES 


Let (M, g) be a n-dimensional Riemannian manifold. Then Ricci 
how is the evolution of the metric given by 


dgu 

dt 




( 2 . 1 ) 


where gu is the metric component and Ru is the component of the Ricci 
curvature tensor. 
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For a time dependent metric nnder Ricci flow, the evolution equa¬ 
tions for Riemann curvature tensor, Ricci tensor and scalar curvature 
are given bylH, 


9Rijkl 

dt 


and 


9^^i^RpjklRqi “ 1 “ RipklRqj RijplRqk R'ijkpRql') ) 

dRi 


HJ 


dt 


— ^Rij + RpiqjRrs ~ ‘2g^‘^RpiRqj 


OR 

~dt 


AR + 2g^^g^^R,kRji, 


( 2 . 2 ) 


(2.3) 

(2.4) 


where Bijki = g^^g'^^RpiqjRrksi and Rijki, Rij, R are the Riemannian 
curvature tensor, Ricci tensor and scalar curvature respectively. 


Let V be a torsion-free affine connection of M. The modified Rie¬ 
mann extension of (M, V) is the cotangent bundle T*M equipped with 
a metric g whose local components given by 
gij = -2ujiT[j + dj, gij* = 5l, gi*j = 6l and gi*j* = 0. 

The contravariant components are 

g^^ = 0, g'‘R = dj, g^*^ = Sj and g'‘*R = 2ujir[j — dj 

for i,j ranging from 1 to n and i*,j* ranging from n -|- 1 to 2n, 

where ui are extended coordinates and dj is a (0, 2) tensor on M. 


The Christophel symbols are given by, 

T^k ^ ki ( ^ 9 d \ 

We note these results for the extended space, fL = TL, 
bq ^iRkR R 2^^ i^jk T ^ jC-ik ^ hCij'), 

= n r^* = — r* = n f= n 

1 U, i 1 jf,, 1 U, 1 u 
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The components of the Riemann curvature tensor of the extended space 
is given by 


P) f) 

T^l _ -p/ _ -pi I -pi -pm 

^ijk — Q^i jk Q^j ^ ik ^ im^ jk 


■p/ -pm 
^ jm^ ik' 


(2.6) 


For the extended space , 


^jkl -‘-^jkh 

Rfkl = UJaC^jRuk - ^kRilj) + |[Vj(ViCfci - ViCkl) - Vki'^lCji - ViCji) - 
RJklCmi - RfkiClm], ^*kl = Ruk^ RfkH = -^Uj, ^nd RJ,. = Rij^. 

The others are zero. k*, I* ranges from u + 1 to 2n. We lower the 

index in the middle position, to get 


Rijki = QmkRTji- (2-7) 

It may be noted by simple calculation that Ri*jk*i = 0 which we require 
later on. Further, Rij = Rij + Rji, Ri*j = 0 and Ri*j* = 0. 


3. EVOLUTION 


The Ricci flow is given by equation (l2.1F As time progresses the met¬ 
ric evolves and hence the properties depending on the metric change. 
Under Ricci flow, the rate of change of conformal curvature depends on 
the difference of conharmonic and Riemannian curvature tensors. The 
concircular curvature tensor is given by. 


Ci^kl Riikl 


R 


^ijkl -^ijkl / -, \ 

n[n — 1) 

The conharmonic curvature tensor is given by 


\,9il9jk 9jl9ik]- 


(3.1) 


k/ijkl Rijki ^ 2^\.9jkRil T 9il^jk 9ikRjl 9jl^ik^' (^•2) 

Under Ricci flow, we give a relation between conformal tensor and 
conharmonic tensor. 
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Theorem 3.1. For a manifold with non zero scalar curvature under 
Ricci flow, the rate of change of concircular tensor is related to con- 
harmonic tensor by 

d Rijki\ _ 2) 


dt 


R 


n{n — 1) 


\,Rijkl 


(3.3) 


Proof. Differentiating fl3.ip we get, 

dCijki dRijki 1 


dt 


R r dgu , dgjk dgik dgji 

n{n-l) [dt dt dt dt 


(3.4) 


dC, 


ijkl 


dR. 


ijkl 


dt 


dt 


1 . ^dR 

n(n - 1) 


+ 


R 


n{n — 1) 


[^RilQjk H” ^F^jkQil 2i?j7^2/c] 


But 


[diWjk 9jl9ik] {_Rijkl 

K 


(3.5) 


(3.6) 


and 


RilQjk F RjkgU RikQjl RjlQik (R ‘^')i^Rijkl Lijkl) ■ (^•'^) 


Snbstitnting fl3.6p and fl3.7p in fl3.9p we get 


dCijki dRijki _ ^/p ^ .dR 2(n 2)R 

dt at ~ J?' a n(n - 1) ' 


(3.8) 


R Q^(Cijkl Rijkl) (Cijkl Rijkl) (.Rijkl Rijkl) • 


(3.9) 

























H. G. NAGARAJA AND HARISH D. 


Therefore, 

dV R ’ n(n-l)^ ^ ^ ^ ^ ’ 

□ 

Example 1. Let M be a manifold with a space of constant curvature 
with K = Y^- Then evolution of the metric under Ricci flow is given by 
and Rijki{t) = Rijki{^)e-^K Further, Cijki - Rijki = 
-^Rijki and Lijki - R^ki = Rijki- Substituting this in equation 
(Id.inp the above result is verihed. 

For a Riemannian manifold the Weyl conformal tensor is given by, 

bRjfcZ Rijki ^{.djkRil QikRjl T QilRjk QjlRik^ 

"r 

+ („_!)(„_ 2 ) 

Equations fl3.ip . fl3.2p and fl3.1ip can be combined to form, 

Tl 

Rijki)' (3.12) 

Theorem 3.2. For a n-manifold under Ricci flow, 

d {Wjjki — Ljjki) _ 2 _ D,. 'i rq 1 Q'i 

Proof. Differentiating equation 13.121 with respect to’t’ and using the¬ 
orem [32] the result follows. □ 


4. Extensions 

For modihed Riemann Extensions, since the scalar curvature van¬ 
ishes, the concircular curvature tensor is same as the Riemannian cur¬ 
vature tensor. Further the conharmonic curvature tensor is equal to 
the conformal curvature tensor. 
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Ricci flow on modified Riemann extensions is the evolution of metric 
such that the class of metrics obtained under Ricci flow can be ex¬ 
pressed as modihed Riemann extensions of a base metric. We prove 
the following results for Ricci flow on modihed Riemann extensions. 

Lemma 4.1. Laplacian of Ricci tensor is zero on modified Riemann 
extension. 

Proof. Laplacian of Ricci tensor is given by, 


^Rij — Rij-.kd- (4.1) 

But, 

„kl D _ „kl jy „klT^a p „kl-pa p p 

9 J^ij-.kd 9 ^ij,k,l 9 ^ jk,l^cii 9 ^ jk-^cii,l 9 ^ ik,l-^ctj 

kl-pa p kl-pa p , ^kl-pa-plS p , fcZpap/3 p 

9 ik^oij,l 9 il-ttaj,k +9 ^ ifi ka-^dj '9 ^ ifi jk^d^i 

ZcZpa p I ZcZpap/3 p , ZcZpap/3 p ZcZpo p 

9 jl-ttia,k + S' t jfi ak^id ' 9 ^ jfi ik^da 9 kl^ij,a 

(4.2) 


From the properties of extended metric components we have, g^’' to be 
non zero atleast one of A: or / must be greater than n. Suppose k > n, 
then Rjj fc = 0. Also Rai 7^ 0 only when a < n and i < n. But if 
a < n then F"^ = 0 since k > n. Similar argument makes all the terms 
on the right side of the equation to vanish. If / > n then again Rij,k,i 
vanishes since Rij^k is a function of hrst n coordinates. Also, since 
Christoffel symbols are preserved by extension, F"^ ^ vanishes. Hence 
the result. □ 


Theorem 4.3. The Ricci curvature tensor is independent of time for 
Ricci flow on modified Riemann extensions. 
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Proof. Let M be an n-dimensional manifold. The rate of change of 
Ricci tensor is given by 
f)R 

+ 2g^^g^-^R^,kRrs - (4.3) 

for h k greater than n, Rik = 0. It is snfficient to prove for z, k ranging 
from 1 to n. For g^^ and g'^^ to be non zero, either p > n or r > n and 
q > n or s > n. Suppose p > n and q > n. Then as discussed earlier 
Rpiqk = 0. If s > n or r > n then Rrs = 0. Thus 2gP^g‘^^Rpig^Rrs = 0. 
Now gP"^ is non zero for p > n or q > n. But if p > n, Rpi = 0 and 
similarly if g > n, Rgk = 0. Hence the result. □ 

It must be noted here that the flow is not on the base manifold but 
on the extended space. We have proved the necessary and sufficient 
conditions for Modihed Riemann extension under Ricci ffow to stay as 
modihed Riemann extensions. 

We can restate the result in terms of metric. 

Theorem 4.4. Ricci flow on modified Riemann Extensions is linear. 

Proof. Under Ricci flow on modihed Riemann Extensions, the Ricci 
tensor is time invariant. Hence on solving fl2.1l) we get 

gjk{t) = Rjkt + fi'jfc(O). (4.4) 

Thus the metric is linearly variying with time. □ 

Example 2. modified Riemann extension of Schwarzchild metric has 
vanishing Ricci tensor and hence remains a trivial example. 

Example 3. Consider the hyperbolic metric ds'^ = + ■^dy'^. The 

modihed Riemannian extension of this is 

—4P 8P 40 

- dxdy H— —dy"^ + 2dxdp + 2dQdy. (4.5) 

y y y 
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where Cij = 0. 

Then Rn = ^ = R 22 and rest of the components equal to zero. Thus 
9 x 1 = and (722 = with rest of the components 

independent of time which are the required class of metric components. 

Theorem 4.5. For modified Riemann Extensions under Rieei flow, 
the rate of change of extended components of Weyl conformal tensor 
is the same as the rate of change of extended components of Riemann 
curvature tensor. 


Proof. For the extended space, the Weyl conformal tensor is given by 

1 


fhpw — R 


ijkl 


n 


^i,9ikRjl 9il^jk QjkRil QjlRik) 


(4.6) 


Differentiating partially with respect to’t’ we get, 

dWijki dRijki 1 /dpik j~y dRji dgu 

- ' Rji + 9ik- 


dt 


dt 


n — 2 dt 
dgjk 


dt 


dt 


Rj k 9il 


dR 


■jk 


dt 


^ dRii Qii ^ dRik. 

at ~ ^ ^ 


(4.7) 


Using previous theorem and fl2.ip and rearranging we get 

dWijki dRijki ^ (p p p n \ H 

~Qf~ ~ ~qI -- EikKji). p4.8j 

Here again for any two of i,j, k, I greater than n the Ricci components 
are zero. In particular for all of them greater than n, we get the above 
result. □ 


Conclusion 

We have found the necessary and sufficient conditions for the the 
modihed Riemann extension under Ricci flow evolving to obtain a class 
of metrics which again are modihed Riemann extensions. 
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